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Abstract— An efficient algorithm and hardware implemen-
tation for a direct 2-D Discrete Cosine Transform (DCT)
and inverse DCT is presented. A unique combination and
sophisticated adaptation of algebraic integer encoding and
butterfly structured algorithm is employed to achieve high
troughput, bufferless, and multiplierless design. Eight 1-D
8 points DCT modules are employed each consists of so
called modified 2-D algebraic integer encoding of a 1-D radix-
8 DCT. The scaling and quantizer-dequantizer modules are
also improved by approximation method. These algorithmic
improvements result in a bufferless, multiplierless, zero memory
usage, and direct processing 2-D DCT and inverse DCT designs.
Simulations with MATLAB and ModelSim softwares prove that
the proposed design have maintained PSNR and MSE values
compared to that of conventional design.

The design is further improved by employing a 5 stages
pipelined implementation. The pipelined implementation results
in a higher clock frequancy with high throughput. The system
has a maximum frequancy of 210.084 MHz. Synthesis using
Synopsis software shows that the design is 6.8 times faster in
processing a token of 64 pixels compared to the conventional
design. This improvement trades off with only 2.1 times increase
in size compared to the conventional (refers to Level 1) design.
Verification has been conducted using Altera DE2 FPGA Board
and satisfying results have been obtained.

I. INTRODUCTION

The amount of information of digital image is quite large
compared to commonly available bandwidth for transmission
over the internet or wireless communication. The image
compression system is able to reduce image data size without
significantly reducing image quality. It removes the high
frequency information of the image, because it is more
difficult for the human eye to notice the difference in high
frequency than low frequency. By eliminating the higher
frequency we can significantly reduce the image data size.

The most common transformation employed in this com-
pression system is Discrete Cosine Transform (DCT). DCT
attempts to decorrelate the image data. After decorrelation,
each transform coefficient can be encoded independently
without losing compression efficiency [4]. Originally, DCT
is the real product of Fast Fourier Transform (FFT).

In order to facilitate the objective of image compression,
a two-dimensional DCT is required. The conventional way
to construct a 2-D DCT is called row-column technique. For
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example, if we wish to obtain 2-D DCT of an NxN matrix,
we first calculate 1-D DCT of each row, transpose the matrix,
then calculate 1-D DCT of each row of the transposed matrix.
This is the basic technique defined for Task Level 1 of LSI
Design Contest 2011.

We propose a 2-D DCT design that does not use row-
column technique, in order to achieve significant design
improvements. There are at least three objectives considered
in the design of 2-D DCT, namely size, throughput and
power.

Research related to size reduction have been conducted
in [5] by reducing multipliers as many as possible. While,
Dimitrov,.et al [2] employ 1-D and 2-D Algebraic Integer
Encoding to simplify the scheme and eliminate multipliers
with certain configuration.

The objective of increasing throughput has been one in-
teresting issue conducted in [1] and [6] which process NxN
data in parallel. Paper [6] introduces the idea of recursive
algorithm. While, paper [1] develop the idea in [6] for a
better scheme of higher throughput.

The goal of this paper is to develop a DCT-IDCT design
that performs optimally in terms of size, throughput and, the
quality of compressed image. The processing time can be
reduced by processing NxN data in parallel. Then, the size
will be reduced further by eliminating multipliers, adders,
and memory usage. In the end, an evaluation quadrant will
be presented to show our achievements in this research.

This paper is organized as follows: A brief introduction of
DCT and IDCT is described in II. Then, the definition and
problem formulation of the entire image compression system
are presented in Section III. The proposed algorithms and
the new architecture of the system are explained in Section
IV. The advantages of the proposed algorithms and design
is validated through synthesis and simulation in Section V.
An FPGA Implementation is also presented in Section VI.
Section VII concludes this paper.

II. THE DISCRETE COSINE TRANSFORM (DCT)
AND INVERSE DISCRETE COSINE TRANSFORM

(IDCT)

In this section, we will describe DCT-IDCT at a glance,
both one-dimensional and two-dimensional DCT-IDCT.

First, we review 1D-DCT/IDCT. The equation for 1-D N



points DCT is as follows :

W (u) = α(u)

N−1∑
x=0

(
f(x) cos

[
(2x+1)uπ

2N

])
(1)

for 0 ≤ u ≤ N where α(u) is defined as

α(u) =

{√
1/N for u = 0√
2/N for u 6= 0

, (2)

W (u) represents the transformed value of input value f(x)
where u and x are the coordinates of transformed and input
value respectively. N represents the amount of proceed point
in one processing time. While, α(u) is the coefficient of
DCT.

Similarly, the 1D-IDCT is defined as

f(x) = α(u)

N−1∑
u=0

(
W(u) cos

[
(2x+1)uπ

2N

])
(3)

Next, we describe 2D-DCT/IDCT. The equation for 2-D
NxN points DCT is as follows :

W (u, v) = α(u)α(v)

N−1∑
x=0

N−1∑
y=0

(
f(x,y)β(x, y, u, v,N)

)
(4)

for 0 ≤ u ≤ N where α(u) and α(v) are defined in (2).
While, β(x, y, u, v,N) is defined as

β(x, y, u, v,N) = cos
[
(2x+1)uπ

2N

]
cos
[
(2y+1)vπ

2N

]
(5)

W (u, v) represents the transformed value of input value
f(x, y) where (u, v) and (x, y) are the coordinates of trans-
formed and input value respectively. NxN represents the
amount of processed pixels in one processing time. While,
α(u) and α(v) are the coefficients of DCT.

As we can see, eq (5) shows us an opportunity to form
another version of mathematical representation of eq (4) as
follows

W (u, v) = σ

N−1∑
x=0

(
cos
[
(2x+1)uπ

2N

])N−1∑
y=0

(
cos
[
(2y+1)vπ

2N

])
(6)

for σ = α(u)α(v).
It means that 2D-DCT calculation can be achieved through

1D-DCT horizontal transform (row-wise) and a 1D-DCT ver-
tical transform (column-wise). This idea requires a transpo-
sitional buffer to transpose the output matrix before entering
the second stage of 1D-DCT. It is called as row-column
decomposition.

Similarly, the 2D-IDCT is defined as

f(x, y) = α(u)α(v)

N−1∑
u=0

N−1∑
v=0

(
W ∗(u,v)β(x, y, u, v,N)

)
(7)

Both 2-D and 1-D DCT/IDCT place the significant values
in lower frequency range. This configuration may reduce data
rate transfer and power consumption in transmission line.

Fig. 1. The whole compression system

III. PROBLEM FORMULATION

A. Image Compression System

Fig. 1 shows the block diagram of image compression
system. Input image is divided into several macroblocks,
8x8 pixels each. The image compression module consists of
an unsigned-to-signed conversion block, 2D-DCT, quantizer
and a block of coefficients memory. The compressed image
will be transmitted through the transmission line. After trans-
mission, the compressed image needs to be decompressed
through dequantizer, 2D-IDCT and signed to unsigned block.
A block of coefficients memory is still required.

Definition 1. The block diagram of image compression
system consists of a 2D-DCT/IDCT shown in eq.(4) with
N = 8, a 8x8 matrix of quantizer/dequantizer and a memory
of coefficients.

The goal of the study is to improve the total system
performance. This is achieved by improving the image com-
pression system algorithm which will speed up processing
time, reduce memory usage, minimize the size of the design
and maintain the image quality.

B. Total System Performance Formulation

The objective of this paper represents the improvements
of total system performance that we wish to accomplish in
our design. The considered parameters are processing time
i.e. latency and maximum frequency, normalized area, and
peak signal-to-noise ratio (PSNR). This objective F can be
formulated as follows

F =
L.A

PSNR
(8)

where L,A, and PSNR represent processing time, normal-
ized area and PSNR respectively.

Faster processing time means more token can be processed
at a time. Smaller design means lower cost. While larger
PSNR means better image quality. Thus, the smaller value
of the objective F indicates a better total system performance
of the design.
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IV. PROPOSED ALGORITHMS AND DESIGN

This paper presents new algorithms and architecture which
employ and improve the currently available algorithms. The
methods included in this design are 2-D refined fast algo-
rithm with butterfly structure[2], a modified 2-D AI En-
coding, and approximated scaling in quantizer and dequan-
tizer. In short, it may be called as Improved Approximated
Butterfly Structure AI Encoding. Next, we summarize the
improvement we proposed in our design as follows.

A. Eliminating The Transpositional Buffer

In the row-column decomposition method, an 8x8 trans-
positional buffer is required. It means that we would need
to provide that size of memory usage to facilitate row-
column decomposition method. Therefore, eliminating trans-
positional buffer is one strategy to reduce memory usage, i.e.
circuit size.

In order to eliminate the transpositional buffer we should
ignore the row-column decomposition and modify the orig-
inal equation in (4). Thus, we adopt algorithms described
in [1] which is schematically simple to be applied (see Fig.
2). The derivation of the algorithms shows us that the 2D-
input data corresponds to 1D-DCT which can be shown in
the following equation.

After some permutation, eq.(5) can be written as

β(x, y, u, v,N) = cos
[
(4x+1)uπ

2N

]
cos
[
(4y+1)vπ

2N

]
(9)

then, based on the idea of [6], eq.(4) can be represented as

W (u, v) = Au,v +Bu,v (10)

where Au,v and Bu,v have been clearly stated in [1]. In the
final configuration of eq. (11), we can notice the following
terms.

N−1∑
x=0

f̄(x, y) cos
(4x+ 1)(u+ (4y + 1)v)

2N
π (11)

N−1∑
x=0

f̄(x, y) cos
(4x+ 1)(u− (4y + 1)v)

2N
π (12)

we can see that eq.(12) and (13) correspond to one of the
1-D DCT defined as +hyl and −hyl where hyl is defined as

hyl =

N−1∑
x=0

f̄(x, y) cos
(4x+ 1)l

2N
π (13)

for l = 0, 1, ..., N − 1.
Thus, from this condition, we can build a proposition as

follows

Proposition 1. By implementing algorithms described in [1],
the memory usage can be drastically reduced. Moreover, this
design may speed up the processing time.

Proof 1. From definition 1 and algorithms described in [1],
all data will be processed in parallel. It means that 64 data
will be processed simultaneously and the memory usage will
no longer be required. In addition, data will be processed
through 1-D DCT once. This is a huge advantage in terms of
latency over the conventional row-column method, given that
the latency of conventional row-column method is the sum
of 1-D DCT’s latency and transpositional buffer’s latency.

Similarly, the IDCT version is implemented in the inverse
version of the DCT.

B. A Reconstructed Multiplierless High Speed 1D-
DCT/IDCT

From proposition 1, we have obtained two advantages:
reducing memory usage and speeding up the proceesing
time. However, the need of eight 1-D DCT blocks raises
the possibility of combinational circuit size expands to eight
times larger.

To minimize the circuit size, we develop an architecture
that employs no multiplier in every 1-D DCT/IDCT block.
The elimination of multipliers is very important because
multiplier is the largest combinational circuit there is. We
apply Arai algorithm that has been modified with Algebraic
Integer Encoding and consider to improve the performance
by several methods.

First, let us review a Two-Dimensional Algebraic Integer
Encoding (2-D AIE) which is basically derived from Arai
Algorithms [2]. In Arai Algorithms, there exists 13 mul-
tipliers; 8 multipliers are located at the end of the block
as scaling block; five multipliers comprising four types
(m1,m2,m3,m4) as follows[

cos 4π
16 , cos 6π

16 , cos 2π
16 − cos 6π

16 , cos 2π
16 + cos 6π

16

]
(14)



W

W

W

W

2

3

5

7

Modified stage

W

W

W

W

0

4

6

1

Fig. 3. 2-D Algebraic Integer Encoding in Arai Algorithms

are located in the middle of 1D-DCT block. Here, we elim-
inate these 5 multipliers and ignore the other 8 multipliers
as a part of 1-D DCT block.

Next, to apply a 2-D AIE, we need to consider the
polynomial expansion as follows

mindex =

K∑
i=0

L∑
j=0

aijz
i
1z
j
2 (15)

where
z1 =

√
2 +
√

2 +
√

2−
√

2
z2 =

√
2 +
√

2−
√

2−
√

2
z1 ≈ 2 + 2−1 + 2−3 − 2−6

z2 ≈ 1 + 2−4 + 2−6 + 2−8

Since cos 2π
16 =

√
2+
√
2

2 , cos 4π
16 =

√
2
2 and cos 6π

16 =√
2−
√
2

2 , we can represent (m1,m2,m3,m4) as follows

m1 =
z1z2

4
;m2 =

z1 − z2
4

;m3 =
2z2
4

;m4 =
2z1
4

(16)

As we can see, the representation in eq.(16) shows that
all multipliers will be replaced by shifters and adders, and
a memory of coefficients is no longer required (see Fig. 3).
However, after implementing a 2-D AIE, as a compensation,
a Final Reconstruction Stage (FRS) is required. In this paper,
we reconstruct the original FRS architecture (see Fig. 4) in
[2] in different representation shown in Fig. 5. Finally, we
can develop the second proposition as follows

Proposition 2. By implementing a 2-D AIE and a recon-
structed FRS in Arai Algorithms, we can build a multipli-
erless 1-D DCT block. Since all multipliers are replaced by

mindex

processing Windex

mindex

processing Windex

8

Fig. 4. Original FRS scheme
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shifters, the whole design is not only smaller in size but also
faster than the original architecture.

Proof 2. It is well known that multipliers are larger and
slower than shifters. Our architecture of reconstructed-FRS
provides four shared signals (see App. B). Thus, this sub-
stitution minimizes the size of the design, speeds up the
processing time and eliminates memory usage.

Similarly, the 2D-AIE 1-D IDCT version is implemented
in the inverse schematic version of the 2D-AIE 1-D DCT.
Based on the reconstructed FRS, the reconstructed Inverse-
FRS can be built which is shown in Fig. 6.

C. Approximated Scaling Block

Our implemented algorithm is based on Arai algorithm,
which is classified as Scaled-DCT algorithm. Scaled-DCT
means that the algorithm requires scaling (multiplication
with constant values) at the end of the process. Typical
implementations usually merge these constant values with
the quantizer, hence no additional multipliers are required
for the scaling. However, that technique is not applicable to
our design, since we will have some combinational circuits
between the DCT and the quantizer. It means that multipliers
will be needed after the DCT. Our solution to eliminate the
multipliers is to develop an approximation scheme to the
constant values. The constant values are defined as follows.

s0 =
1

2
√

2
(17)

sk =
1

4 cos
(

π
16(k)

) (18)

for k = (1, ..., 7)

2
-( i )

2
-( i + 1 )

2
-( N - i )

2
-( N )

+
input output

Fig. 7. Approximated scaling method ilustration

The approximated values are defined as follows.

s0 = 2−2 + 2−3 − 2−5; (19)

s1 = 2−2; (20)

s2 = 2−2; (21)

s3 = 2−2 + 2−4; (22)

s4 = 2−2 + 2−3 − 2−5; (23)

s5 = 2−1 − 2−4; (24)

s6 = 2−1 + 2−3 + 2−5; (25)

s7 = 1 + 2−2 + 2−5 (26)

Approximation reduces the size of the design in exchange
of increasing the error. However, the proposed approximation
(19)-(26) is relatively error-free and small in size. Fig. 7
illustrates Approximated Scaling Block.

Proposition 3. Implementing a novel approximation scaling
block (19)-(26) may reduce the size of the design and speed
up the processing time, reduce memory usage and maintain
the quality of the processed image.

Proof 3. Replacing multipliers by shifters minimizes the size
of the design, eliminates memory usage and speeds up the
processing time. Applying sufficient number of shifters in
approximation methods will help to maintain the accuracy
of processed data.

For the IDCT version, we apply the same method with the
inverse value of the real scaling block.



D. Improvement Operations Based on The Pattern of Quan-
tizer and Dequantizer

In the quantization process of the previous design, every
element of DCT coefficients is divided by the quantization
matrix Q.

Definition 2. The quantization matrix Q typically has lower
numbers in the upper left and increase as they get closer to
the lower right.

There is no fixed value of quantization matrix, it is a
prerogative choice of the user to select a quantization matrix.
However, JPEG committee has recommended a quantization
matrix Q.

Mathematically, elements of the dequantizer matrix are
the inverse value of elements of the quantizer. However,
this correlation does not guarantee that the design will be
as simple as the mathematical relation. In fact, we need to
store at most 128 data for both quantizer and dequantizer.
Therefore, a new design which eliminates multiplication
operations and memory usage should be developed. In this
paper, we design a matrix of quantizer whose elements are
formed by the following mathematical representation.

Q(u, v) =

N∑
i=0

2γN (u,v) (27)

where γN (u, v) satisfies definition 2. Then, the elements of
the dequantizer can be defined as follows

DQ(u, v) =

N∑
i=0

2−γN (u,v) (28)

for i = {0, 1..., N} and satisfies definition 2. Here, we
consider N < 6.

As we can see, eq.(27) and (28) is represented by power
of 2. It means that there are only some shifters are adders
are needed in the design and the value of the quantizer and
dequantizer are accurately inverse of each other.

Proposition 4. By implementing (27) and (28), there will
be no memory required in quantizer and dequantizer block.
Moreover, the circuit size will be reduced and the quality of
the processed image can be maintained.

Proof 4. Since we implement (27) and (28), the only required
operators in our design are shifters and adders. Therefore,
no memory is required. Replacing multipliers with shifters
guarantees size reduction and the increasing speed of pro-
cess.

E. Pipelined Design

To further improve the design, pipelined method is im-
plemented. The pipelined implementation will shorten the
critical path and increase the processing time with relatively
small trade-off in the designs size.

Analyzing the design by its modules, one may simply
divide the pipelined stages by 16 stages. But this will not
be effective since each module has different combinational
delay. In this design, the longest combinational delay time

Fig. 10. Comparison Table

64.8% decrease

Fig. 11. Objective Value

is expected to be in the DCT and IDCT module. This delay
may be doubled of some other modules; therefore each DCT
and IDCT module are split into two pipelined stages. This
assumption is verified through the synthesis process. For
the design, 10 pipelined stages are implemented. The stages
are shown in Fig.9 and Fig.10. By this implementation,
the critical path of the design will be decreased and the
throughput will be increased.

Proposition 5. By implementing 5 pipelined stages, a large
decrease in critical path will be achieved with relatively
small increase in size.

Proof 5. As widely known pipelined implementation will
increase the throughput of a system. In this case, the number
of token processed per unit of time will increase while
there will be additional latency according to the number of
pipelined stages.

V. SYNTHESIS AND SIMULATION RESULTS
A. Synthesis

Synthesis is conducted using synopsis software. RTL de-
sign of 50 xor gates taken from LSI design contests web page
(parity.vhd) is used to normalize the results. From synthesis
of parity.vhd, it is known that the unit delay is 0.158 and the
unit area is 11.882. Fig.10 is the table shows synthesis results
of the designs: task 1 and the proposed design. Task 1 design
is the design from the LSI design contests website which
process 8 data in one clock, level 2 design is the proposed
algorithm design which process 64 data in one clock with
pipelined implementation. An image consisting 64 data is
considered as one token for the calculation of latency and
throughput.

Comparing the proposed design to the task 1 design, one
may find that the throughput of the proposed design is



Fig. 8. Pipelined Architecture of The Proposed DCT Design

Fig. 9. Pipelined Architecture of The Proposed Inverse DCT Design

6.8 times faster in processing a token with only 2.1 times
larger in size. Pipeline implementation proved to decrease
the critical path of the design which increase the frequency
of the design to 210.084 MHz.

With the synthesis result, one may observe the total system
performance which is also the objective of this research from
equation 8. Comparison of the conventional design (i.e. task
1) to the proposed design will effectively show the achieved
improvements. Based on bit precision simulation the PSNR
for Level-1 design is 30.42 and the PSNR for the proposed
design is 30.469. Thus, the value of F for the conventional
design is 1005346.806 while the value of F for the proposed
design is 354049.114. The value of F for the proposed design
decreased 64.78% than that of the conventional design (See.
Fig. 11). This indicates that the proposed design has a faster
processing time with relatively small increase in size and

well maintained image quality.

B. Operators, Size and Processing Time

During the process of the improvement, we have found
the position of the simulated algorithms in the following
quadrant (see Fig. 12). While, the comparison of the amount
of operators shown in Fig. 13.

Fig. 13 shows the superiority in size of the proposed
design compared to standart level 1 design and butterfly
structured level 2 design. The proposed design does not
require multipliers and memory usage as a whole system.
Although it require more adders and substractors, the size
of those operators is smaller then employing multipliers and
memory usage. Eliminating memory usage is also reducing
the processing time because memory-accesing time is also
eliminated. Thus, the proposed design is the fastest among



Fig. 14. Timing simulation result

Fig. 15. Compression timing diagram
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the compared design.

C. Timing Diagram

Our proposed circuit is entirely combinational, except
for the pipeline registers. There is one clock cycle latency
between adjacent pipeline stages. Since the circuit is divided
into five pipeline stages and output registers are employed,
the latency between input and output signals is five clock
cycles (see Fig. 14). Fig. 15 shows the expected compression
timing diagram.

D. Image Quality

The proposed design has been verified by displaying
an image which has been compressed by our compression
system (see Fig. 16)

MSE value of the decompressed image is 58.3692, while
the PSNR value is 30.4690, given that the fixed point format
convention is 16-bits word length with 4-bits fraction length.
Image file size is reduced by 51.36%. Meanwhile, by using
the same image in floating point format, conventional row-
column algorithm (Task Level 1) gives MSE value of 30.78
and 49.09% file size reduction. It has proven that our design
is able to produce high image quality. The high image quality
is mainly resulted from the chosen 1-D DCT algorithm which
is relatively error-free.

VI. FPGA IMPLEMENTATION

The DCT is implemented on Altera DE2 Cyclone II
EP2C35F672C6N FPGA board. We download the entire im-
age compression and decompression system into the FPGA
(see. Fig. 16)

The design is downloaded into the FPGA board. MATLAB
is employed to convert RGB image to YcrCb format. The
YCrCb pixel values are then divided into blocks of 8-by-8
pixel values. Taking advantage of MATLABs ability to send
data through serial port, each block of 8-by-8 pixels can be
transmitted serially from PC to the FPGA board. An input
buffer of size 64 8 bits is used to store the serial bits. After
the input buffer is full, DCT processing begins, followed
with IDCT processing. The pixel values of the compressed
image are stored in an output buffer and then sent back to
PC through serial port. MATLAB then converts the YCrCb
values into RGB and displays the decompressed image.



Fig. 17. Digram of FPGA Implementation

Please refer to the video of our FPGA demo at Youtube:
http://www.youtube.com/watch?v=MHGZlfh1HYA

VII. CONCLUSION

In this paper, the proposed design and algorithms have
been verified, synthesized, and simulated. It is shown that the
proposed design requires no multipliers, no memory used and
simple structure which indicates that the size of the proposed
design is small. It is also shown through the area resulted
trough synthesis process. Morever, the processing time of
the design is much faster for 64 data processing compared
to task 1 design. The image quality can still be maintained
around 30.46. Thus, based on the objective formulation, the
proposed design has achieved the smallest number of F
among the other design simulated.
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VIII. APPENDIX

In this section, we desribe some parts in detail.

A. Computation for proposition 1

Let us consider t as processing time required to produce 8
data through 1-D DCT module and l refers to processing time
required to access 8 data from transpositional buffer. Next,
tp1 refers to total processing time to transform complete
8x8 data. Based on row column decomposition method, we
obtain,

tp1 = 2(8t) + 8l (29)

Then, we have tpd as the processing time of the proposed
design. Since the design process 8x8 in once, we obtain,

tpd = t+ 4t (30)

Mostly, accessing memory is 10 or 100 times slower than
processing time[7]. Let us assume that l ≈ 10t. Thus, based
on eq. (29) and (30), we can notice that td ≤ (5/96)tp1. It
means the proposed design processes 64 data at least around
24 times faster than row-column decomposition method.
However, the size of proposed design Szd 8 times larger
than the size of row-column decomposition method Sz1.

B. Detail computation for proposition 2

Here, we will show the detail computation to reform FRS
(Final Reconstruction Stage). Let us start the computation
from d points of Arai algorithms. The following equations
represent the signal processing inside our reconstructed FRS.

W0(u) = d0 (31)

W1(u) =
((
d4+2d6

4

)
(z1)−

(
d4
4

)
(z2)

)
+
(
d8 +

(
d7
4

)
(z1z2)

)
(32)

W2(u) =
(
d3
4

)
(z1z2) + d5 (33)

W3(u) =
((

2d2−d4
4

)
(z2)−

(
d4
4

)
(z1)

)
+
(
d8 −

(
d7
4

)
(z1z2)

)
(34)

W4(u) = d1 (35)

W5(u) =
((
d4+2d6

4

)
(z1)−

(
d4
4

)
(z2)

)
−
(
d8 +

(
d7
4

)
(z1z2)

)
(36)

W6(u) =
(
d3
4

)
(z1z2)− d5 (37)

W7(u) =
((

2d2−d4
4

)
(z2)−

(
d4
4

)
(z1)

)
−
(
d8 −

(
d7
4

)
(z1z2)

)
(38)

Since z1, z2 and z12 are approximated by binary or power
of 2, we can see that every operation related to eq. (31)-(38)
can be conducted by employing shifters and adders only.
Moreover, there exist signals produced by the same adders
but employed by 2 signals. This pattern can be represented
as follows.

Wi = Fi +Gi (39)

while, the general form will be

Wi+4j = Fi+4j + (−1)jGi+4j (40)

for j = 0, ...,
(
N
4 − 1

)
and i = 0, ..., (N − 1) where Fi and

Gi refer to the first and the second signal required to produce
Wi+4j . While, W (u)i is the existing signal before entering
butterfly structure.

Thus, we can conclude that the produced signals can be
employed by more than 2 signals in the larger scheme,
i.e., for N = 16. This pattern also one reason why the
reconstructed FRS of 1D-DCT can reduce half of the size
from the original FRS.



Algorithm 1 Finding optimum approximation scaling
Require: ef

if N < i then
sa = 2i

es = sr − sa
if es < ef then

if N < i then
i = i+ 1
sa = sa + 2i

es = sr − sa
if es < ef then
.
.

end if
end if

else
if es = ef then
sa is optimum

else
if N < i then
i = i+ 1
sa = sa − 2i

es = sr − sa
if es < ef then
.
.

end if
end if

end if
end if

end if

C. Trading off between the size and the quality of compresed
image

Consider ef be the error tolerance that allows the quality
of compresed image still can be maintained. Then, to develop
an approximated scale, we employ algorithm 1.

where sa,sr,and N refer to approximated scaling, real
scaling, and the amount of shifters respectively.


